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SOLIDIFICATION OF A PLANE INGOT
IN A WEDGE-LIKE MOLD WITH A FEEDER HEAD

V. V. Dremov UDC 539.19

The nonstationary problem of the solidification of metal in a plane wedge-like mold with a feeder head has
been solved by the variational method using the concept of the local thermodynamic potential, and the posi-
tions of the solidification front at any instants of time have been determined.

Keywords: feeder head, mold, solidification front, functional, variation, stationary equation, nonstationary, lig-
uid phase, solid phase, instants of time.

Introduction. Mold tops have been used in metallurgy for a long time. They are intended for removing a
shrinkage hole and harmful admixtures into a feeder head, thus improving the quality of cast metal in a casting. But
the joint solution of the heat conduction equations written for a mold and feeder head, with the motion of solidifica-
tion fronts being determined in them, has been made only by numerical methods [1, 2].

Statement of the Problem. In the present work an analytical solution of the problem of plane ingot solidifi-
cation in a wedge-like mold with a feeder head whose cross section is in the form of two truncated prisms is sug-
gested. In Fig. 1 the outer contour of the cross section of the mold cut by a vertical plane perpendicular to the side
faces is shown by a bold line. After the mold is filled with metal, solidification begins mainly from the side outer
wall. To solve the problem, we will isolate five regions: 1, 3) regions of liquid metal in the mold and feeder head; 2,
4) regions of solidified metal in the mold and feeder head; 5) region of the joining of the solutions of heat conduction
equations written for the mold and feeder head.

We consider the problem in a cylindrical coordinate system R, @ in the mold and r, & in the feeder head. The
system of heat conduction equations is written with neglect of the viscous friction of liquid metal and of the transverse
velocity components Vo and ve in comparison with the longitudinal ones v and v,. A two-dimensional case, where the
coordinate Z>>r, is considered, and therefore the dependence on Z is not taken into account [3]. The system of heat
conduction equations written for four regions has the form
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Fig. 1. Cross section of the mold and feeder head.

The system of equations (1)—(4) is solved together with the boundary conditions

oT
T,=T, at R=R;, T{=T, at ¢=¢;; T;=T; at R=R,, a—1=0 at ¢=0; (5)

¢
T2=Tm at R=Rl’ T2=Tm at (p:(x, T2=T24 at R=R2, T2=TCI' at R=Rﬁ. and (P=(pfr, (6)
o, :
T3:T13 at r=r2, T3:TCI' at &=§fr; T3:Tcr at r:rfr, a_gzo at E_,:O; ()
T4:T24 at r=r2, T4:Tfh at &ZB, T4:Tfh at r=r1, T4:Tcr at gzgﬁ, and r:rfr. (8)

The solidified metal thickness in the mold and feeder head is respectively equal to
& =Ry (0 —0p), e4=rp(B—Ep) . ©)

The conditions at the crystallization front are

L (ron Lo (1T,
1 R a(p =(Pfr+ 1P1 ot -2 R a(p _(pfr, (10)
R:Rfr R:Rfr
1 9T, de, 197,
W el e S W e
1 [V a& l=§fl—+ 1P1 ot 2 [V a& lzéﬁ (11)
r=ry, r=ry,
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From Egs. (1)—(4) and boundary conditions (5)—(8) it is necessary to find four unknown functions for the tem-
peratures, T1(R, @, 1), T)(R, @, 1), T5(r, &, ), and T4(r, &, 1), which after substitution into (10) and (11) yield the laws
of motion of solidification fronts in the mold and feeder head, whereas the joining of these fronts in region 5 makes
it possible to determine the general character of the solidification front motion in a mold with a feeder head at any
moment.

Solution of the Problem. We neglect metal solidification at the moment of pouring, since, first, the time of
pouring is much smaller than the solidification time and, second. metal is usually poured superheated into a mold.
Therefore at time ¢ = O the solid phase is absent and

Ti (R, 9,0)=T5(r,,0)=T;, at Ry>R>R;, 0>¢0>0, ry>r>r;, B>E£>0. (12)
Ato=0o, R=R;, =P, r=ry and 1>0 we have
Ty (Rey, Qg 1) = Top s T3 (1 G ) =T s Ty (R0 0) =T, Ty (r, B, 1) =Ty, . (13)

The solution of Eq. (1) for R will be sought in the form of a linear function that satisfies boundary conditions
(5): Ty =T, at R =R, T| = T|5 at R = R,, then

n :T13_—f(T13_Tcr)' (14)
T

The dependence on ¢ will be found from the solution of Eq. (1), written for a stationary case in the form

ERT —TRr—RT, —lT =0 (15)
a R R RR R oo™ ">

where Tg = OT/9R; Tgg = O°T/OR%; Top = 9°T/9¢”. The functional that corresponds to Eq. (15) will be written in
the form

R, @,

]

R

{ZV—RRT%T+RT§+l 71de¢, (16)
al R ¢

fr

where 7(1)3 = 97°/0R is the unvariable function of temperature.
We seek the function that minimizes the functional (16) in the form of the product of the function of R (14)
and of the unknown function of ¢:

R,
T=T(r)f(<P)={T13 R (T13 cr)}f((P)- (17)
2~

Calculating derivatives with respect to R and ¢ of (17), we obtain

R,—R ,
f((P) =|T3— T (Ti3-T |f (9). (18)
fr

T,
R=
Rz Ry, R,

Substituting (18) and (17) into (16) and integrating over R, we have

(pfr

[{4r° @) £ (@) + B @) + CIf (@)1} do =L,
0

(19)

where
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= Tcr [Ry T3+ Tep) + Ry (Ty3+21)] 5 B= W—er) (T;3-T.)
T
Ti= T, 2 (RT3 - )
C= = Re; (3T13 + TCY) Ry (T13 + 3Tcr)] + - . (20)
2 (R2 — Rfr) (R2 Rfr Rfr

The vanishing of the variation of the functional (19) corresponds to the best choice of the function f{):

oL 0 JL
= - = 21
of (@) 9(9) If ()
We will find derivatives of the integrand in (19). This results in
dL d dL 1"
22— 4 (@) + B (@), (). (22)

af( ) * 99 o (@)

In the first derivative (22) the function fo((p) is equated to f(g) after the completion of the process of variation. As a
result of the transformation and subject to (21) and (22), we obtain

I (¢)

A+2B

) - f@=0.

The following function will be the solution of this equation [4]:
f(9)=C, cosh K¢ + C, sinh K¢, (23)

where K = V(A +2B)/2C.

The constants C; and C, can be found from the boundary conditions for the function f(@): T = T, at ¢ =
Qg 0T/0¢ = 0 at @ = 0. Taking them into account in (23) and calculating, we obtain C, = 0, C; = 1/(cosh K@g).
Substituting them into (23) and the latter equation into (17), we find the solution of Eq. (15):

r=l7 R,—R T cosh K@ 24)
- 13_R2—Rfr( 137 Tor) cosh K@y, -

Now we will find the solution of Eq. (1) for a nonstationary case. We will use the same method as for determining
the dependence on ¢. The functional corresponding to Eq. (1) will be written as

fr (pfr

L= f“’{ RT0T+2 TTO+R72+ f]deq)dr, (25)

0OR

Here T‘% and T? are the nonvariable functions of temperature; fg is the time corresponding to the coordinates Rg and Q.
The solution of Eq.(1) is sought in the form

r=|7 R,—R _ cosh K@ >
=|T-——— T;3— —f(,

where f(f) is the sought-for function of time.
We will find the derivatives with respect to R and ¢ of Eq. (26). As a result we have

T\3—T, cosh Ko

_ K sinh K@
R~
R, — Ry, cosh Koy,

(T13 - Tcr):| cosh K(Pfr f(t) s

f, T ={T13—7
¢ Ry — Ry,
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|7 R, —R _ coshKo , -
= _— —_ _— t
t 13 R2 _ Rfr ( 13 Cr) COSh K(pfrfo ( ) K ( )

where fé(t) is a nonvariable function of time. Substituting (26) and (27) into (25) and integrating over R and @, we
obtain

L=J{o 00+ o 0+ 5 0] . 9
0

where D, E, and F are the constants of integration over » and @. We will find the equation for determining the func-
tion f(r) by taking the variation of (28) and equating it to zero:

%: (D+2F) f() +Ef (t)=0. (29)
The function f{(r) satisfies Eq. (29) as an exponent in time:
f(f)=Cexp [— D ZZF z]. (30)
We will find the constant C from the condition at the crystallization front:
T=(R=Rg ¢=@p, t=15) =T . C2))

For this purpose, we will write the solution of the nonstationary problem as a product of three functions of the vari-
ables R, ¢, and t (26):

S R, —R " cosh K¢ c D +2F 32)
= - - — - 1.
1T R Ry Ti3=Te) | o Ko, exp I3
Using (31), we find
D +2F
C=exp [T tfr]' (33)

Substituting (33) into (32), we obtain the temperature distribution in the liquid phase:

- T R, —R T T cosh Ko D+2F (34)
T2 T 2 exp | — r—10) .
1=\ T3~ "k T3 =Ted | o Ko =P 7 U=t

In the same way we will find the temperature distribution in the solid phase of the solidified metal (2). For this pur-
pose, it is necessary to solve Eq. (2) with boundary conditions (6). In the stationary case, Eq. (2) will take the form

2
10 oT. 1 0T
R OR OR | R 9o
We will prescribe solution (35) for R in the form that satisfies boundary conditions (6):

Th=T, at R=R;, T,=T, at R=Ry. (36)

m cr

Then
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Ry —R

T,=T, + (T.—-T.). (37)

m Cr

fr 1

The dependence over @ will be found from the solution of Eq. (35). For this purpose, we will write the func-
tional corresponding to this equation. Subscript 2 at the temperature will be omitted:

fr O
L=] [ (RTz+4T2) dRdo. (38)

Rl (pfr

The temperature as the function of two variables R and ¢ will be presented in the form

T=|T, Ra =R 7 7 39
+Rfr Rl(m_ o) | (@) . (39)

Having determined the derivatives with respect to R and ¢, we obtain

Tm_ Tcr Rf - ’ 40
TR=—ﬁf((P), To=|Te +Rfr R, (T =T | £ (@) - (40)
Substitution of (39) and (40) into (38) yields
Ry o 2 2
Rfr_ ’ 2 41
=] [{rUm=ted 204l (T~ Te) | /(@)1 dRdo . )
R g | R~ 1) Rfr_Rl
Integration over R gives
o
2 ;o2
L=[{ay’ @)+ B, I @)} do, )
(pfr
where
Ry + Ry 2
Ay=——— (T, ~ T)";
2 2 (Rfr_Rl) ( m CI')
R R R R 3R:.— R
By=Toln ——2T (T, ~T,) =1 |4 (T, -~ T | — = — L 43)
R, Ry—Ry Ry Ry =Ry Ry 2(Rg—Ry)

Having calculated the variation of (42) and equated it to zero, we obtain
Aof (@) =By "(9)=0. (a4)
The following function will be the solution of Eq. (44):
(@) = C, cosh @K, + C, sinh 9K, , (45)
where K, = \/m . The constants C| and C, will be found from the boundary conditions for the function T5:

m
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Using (45) and (46), from (39) we obtain

C, cosh o Ky + C, sinh ot K, = R ;l . 47)
T+ (T, - T.)

T
cr Rﬁ- _ R1 m

In (47) the variables @g, Rg, and R will be replaced by constant average values 0/2, (R|+ R»)/2, (R + Rp)/2. Then
we obtain

o o

C, cosh > K5+ C, sinh > Ky=1, CjcoshaK,+ C,sinhoK,= T—m (48)
Ccr
Solving the system of equations (48), we find

o T, T, o cosh o K,

Ci=2coth > Ky——~, Cy=——coth 7 Ky——". (49)
2 Tcr Tcr 2 . o
sinh 5 K,
Equation (45), subject to (49), yields
T, o
o T T cosh B K, —cosh o K,
f(®)=|2cosh 2 K, - T—m cosh @ K, + | — o sinho K, . (50)
“ sinh 5 K,

We will find the solution of Eq. (2) with allowance for the nonstationarity of the process. The functional cor-
responding to this equation has the form

It o Rfr

_ R 0 2.1 .2 51
=[] {261—272 +RTR+ET4de(pdt, (51)
0 (perl

where t is the time corresponding to the coordinates Rf and Q. We seek the solution of Eq. (51) in the form

Rfr_R
T2 = |:TCr + R

TR, (T, - Tcr)} {cl cosh ¢ K, + C, sinh ¢ K, } f@o, (52)
I

where f(f) is the function sought; C; and C, are defined by Eqgs. (49).

Having omitted the subscript 2 at T in (52) and calculated the derivatives Tk, T(P’ and T,, we obtain

Tcr B Tm

Tr=—"""|C,cosh@ K, + C,sinho K, |f(?),
Ry~ R,

R, —
T,= |:Tcr + Rfr o T~ Tcr)} {Cl K, sinh ¢ K, + C, K, cosh ¢ K, } f(@, (53)
fr— 71

R, —R
T,= {Tcr 4+ Ty — Tcr)} {Cl cosh ¢ K, + C, sinh ¢ K, }f,(f) .
Rfr - Rl

Substituting (53) into (51) and integrating over R and @, we obtain
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L=] {sz @ fy (@ + Ny f2 (@) + Py f° (cp)} dr, (>4)
0

where M, Np, and P, are the constants of integration over R and ¢. The following equation yields the variation of
(54) over f(1):

, Ny + P,
f(O-FZ—jﬁ;—ifU)=0.

Its solution is the exponential function of time

f=Cexp|—2 M, t]. (55)

The constant C will be determined from the condition at the crystallization front:
T2=TCI’ R:Rfr’ (P:(pfr, t=tfr' (56)

For this purpose, with (55) taken into account and with the use of conditions (56), from Eq. (52) we obtain

Ny, + P,
exp |2 M, tey (57)

- C, cosh @, K, + C, sinh g K,

Subject to (57), Eq. (52) takes the form

R. — R C, cosh ¢ K, + C, sinh ¢ K N,+ P
Ty=|T, +— (T Cr} Bl M bk x[—Z

2 2
- t—te) | 58
R,—R, ™ C, cosh ¢ K, + C, sinh @, K, M, ff)] %)

Equation (58) describes the dependence of the temperature in the solid phase on the variables R, ¢, and ¢.

Knowing the nonstationary distribution of temperature in the liquid metal (Fig. 1, region 1) — Eq. (34), as
well as the distribution of temperature in the solid phase (region 2) — Eq. (58), we determine the crystallization front
motion in the mold. For this purpose, we rewrite the condition at the crystallization front (10) in the form

de, 1 1 9T, o [1 9N
Vcrl_ at _Llpl }VZ R a(p :Rfr_ ! R a(P :Rfr ' (59)

fr (pfr

We will find the derivatives d7,/0¢ and 07,/d¢ of expression (34) and (58). Taking into account the condi-
tions at the crystallization front R = Ry, @ = @, and t = f;, we obtain

aT, K sinh Koy, a7, . C, K, sinh @4, K5 + C, K, cosh ¢4, K, 60)
0p " Cycosh @ Ky + Cysinh @ Ky,

cr

cosh K@p, ~ 20

Differentiating €> with respect to time at a constant value of @g, from Eq. (9) we obtain

de, dRy,

T2 e i 61
% = (0. — Qp,) o (61)

From Eq. (59), subject to (60) and (61), having multiplied by Ry, we find
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[Cl sinh @, K + C, cosh @y, Kz]
TCI'

K sinh K¢
fr _ fr
Rﬁ. dt (a_(pfr)_Llpl 7\’2 KZ[

cosh K@,

1 ) (62)

C, cosh @ K, + C, sinh @y, Kz]

where Cq, Cy, Ko, and K are defined by Egs. (49), (43), (45), and (23). Integrating Eq. (62) over Rg at a constant

value of (0t — @g), we obtain
2T.C
Ry = ’\/7Cr *_i+R (63)
Lipy (00— 0g)

where C: is the expression in square brackets in Eq. (62), and the constant R% accounts for the start of crystallization
at t = 0 and R = R;. In the same way we find the solution of Egs. (3) and (4) that describe the nonstationary dis-
tribution of temperature in the liquid and solid phases in the feeder head with boundary conditions (7) and (8):

|7 nor o . cosh K3§ D5 +2F5
= - — (.€ - r—t 5
3 13 Iy Ty ( 13 o) cosh K3§fr p E3 ( fr) (64)
rfr—r CGCOSh§K4+C7Slnh§K4 N4+P4
T,=|T. + T —T exp|—2 t—te) |,
4 [ cr rfr—rl( fh “)} Cg cosh &, K, + C; sinh &g Ky m, (7 (65)
where
2
K3= V 2C, ; A3=_3711(T13_Tcr) [r2 (2T13+Tcr)+rfr(T13+2Tcr)]; By= 2(ry—ry) (et ) Ky B_4
1 2. |
C3: 2 _(rZ_rfr) (T13_Tcr) [_rfr(3T13+Tcr)+r2(T13+3Tcr)]_Z(rfrTlfi_rZTcr) lnr_ >
2(r2_rfr) fr
T T, cosh BK
C6=ZCOSth4—%; C7=%coth§K4—$;
cr cr sinh%\/ﬁ
re.+r r r r r2 T 3re.—r
Ag=— (T Ty By=To 2T (T~ Ty —— IS = 1 |+ (T Ty — 5 L - — L |
2(rg=ry) r TR=Trp T (re=rp 1 20g—1y)

Taking the derivatives with respect to & of (64) and (65) and substituting them into (11), after integration
over ry at a constant value of (B—&g), we obtain

o = ’\/ _ 2aCe t+r (66)
r Lip; (B-¢&p) b

c A, (Cgsinh &NA,/By + C; cosh ENA,/By)
=l By (Cqcosh &NA,/B, + C;sinhEcNA,/B,)

— MKy tanh K3 &

Discussion of Results. Using Egs. (63) and (66), we carried out numerical calculations of the solidification
front position at definite moments at the following values of the geometric dimensions of the mold and feeder head
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Fig. 2. Position of the solidification front in the mold (a) and feeder head (b)
at the instants of time 1, 5, 10, 50, 100, 200, 400, 600, 10°, 2:10°, and
3.10% sec. Counting of the curves from right to left.

and at the parameters of liquid and solid steel: the initial temperature of the liquid metal poured into the mold 75 =
1873 K, the solidification temperature 7., = 1733 K, the temperature of the mold walls 7}, = 1433 K, the temperature
of the feeder head walls Ty, = 1533 K, the lower radius of the mold R; = 1.2 m, the upper radius of the mold R, =
2.2 m, the upper radius of the feeder head r; = 0.5 m, the lower radius of the feeder head r, = 0.9 m, the thermal
diffusivity of steel a; = 4.5-10°° m*/sec, the crystallization heat L, = 2.72-10° J/kg, the steel density p = 7.31-10°
kg/ m3, the thermal conductivity of the liquid phase A; = 26.5 W/(m:K), the thermal conductivity of the solid phase
A, = 30.3 W/(mK), the velocity of convection in the mold v = 1072 m/ sec, the velocity of convection in the feeder
head v, = 107 m/ sec, the conicity angle of the mold o = 10°, and the conicity angle of the feeder head B = 25°.

The position of the solidification fronts in the mold and feeder head was calculated at the instants of time 1,
5, 10, 50, 100, 200, 400, 600, 10°, 2:10°, and 3-10 sec. From the equations and graphs it is seen that the solidifica-
tion of the metal follows the law of the square root, and the solidification front moves most rapidly from the mold
corners (Fig. 2a) and feeder head (Fig. 2b). It should be noted that the solidification rate in the feeder head is higher
than in the mold at the given values of temperatures T} and 7,,, which generally is undesirable, since in this case a
sink hole is formed inside the mold. Therefore the feeder head walls should be kept at a higher temperature to slow
down the solidification of the feeder head.

NOTATION

A, B, C, Ay, By, Cy, A3, B;, C5, Ay, By, D3, F3, E5, Ny, Py, and M,, constants of integration over R, r, and
o, E); ay, a,, thermal diffusivities of liquid and solid metal, m2/ sec; Ly, crystallization heat, J/kg; L, functional or La-
grangian; R, R, and r|, r,, lower and upper radii of the mold and feeder head, m; R, @, cylindrical coordinates of
points inside the mold; r, &, cylindrical coordinates of points inside the feeder head; T, T3, temperatures of liquid
metal the mold and feeder head, K; 75, T,, temperatures of solid metal inside the mold and feeder head, K; T, crys-
tallization temperature, K; T,,, T}, temperatures of the bottom and side surface of the mold and feeder head, K; T,
initial temperature of casting, K; ¢, time, sec; #;, time at the crystallization front, sec; T(I)t’ T?, unvariable derivatives of
temperature over radius and time; 7, temperature function; 7,, T,,. T(p, Tq)q)’ and T,, the first and second derivatives
over radius, angle, and time; vp, v,, radial components of velocity in the mold and feeder head, m/sec; a, B, conicity
angles of the side walls of the mold and feeder head, deg; €,, €,, thickness of solidified metal in the mold and feeder
head, m; 7»1, 7\,2, thermal conductivities of liquid and solid metal, W/(m-K); p;, p,, densities of liquid and solid metal,
kg/m3; p, average density of metal, kg/m3; Qs> Rpo E.,fr, and rg, azimuthal and radial coordinated of the point at the
solidification front in the mold and feeder head. Subscripts: cr, crystallization; f.h, feeder-head surface; fr, front; in, in-

itial; m, mold surface.
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